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On  the  Nen-Steady  Motions  of  a 
Rigid  Body  in  an  Ideal  Fluid^ 

By  G.  W.  Morgan 

Introduction  and  Summary*  If  a rigid  body  moves  in 
vacuum  under  the  action  of  a single  external  force  which  has  a 
constant  direction  but  may  vary  in  magnitude  as  well  as  change 
sign  and  whose  line  of  action  passes  through  the  center  of  mass 
of  the  body,  then  the  body  will  maintain  a pure  translatory 
motion  parallel  to  the  direction  of  the  force.  If  the  body  is 
surrounded  by  a fluid  which  is  assumed  to  be  non-viscous  and 
incompressible,  then  such  a motion  will,  in  general,  no  longer 
be  possible.  The  following  question  arises:  Is  there  a point 
such  that,  if  the  line  of  action  of  a force  having  constant 
direction  passes  through  thi ~ point,  the  body  will  move  in  a 
straight  line  parallel  to  the  force  without  rotation?  The  in- 
vestigation presented  below  gives  the  following  answers  to  this 
question. 

a)  There  is  no  such  point  in  the  most  general  case, 

b)  If  the  shaoe  of  the  body  satisfies  certain  conditions, 
then  there  exist  three  axes,  each  associated  with  the 
body  and  with  one  of  three  directions  relative  to  the 
body,  (the  so-called  directions  of  permanent  transla- 
tion)*, as  well  as  with  the  density  of  the  fluid,  such 

l7  The  results  in  this  paper were  obtained  in  the  course  of 
research  conducted  under  Contract  N7onr-358lO  between  the 
Office  of  Naval  Research  and  Brown  University. 

* Lamb.  Hydrodynamics,  Oh.  VI, 
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that,  if  a force  of  constant  or  varying  magnitude  acts 
on  the  body  with  its  line  of  action  along  one  of  the 
axes  and  if  there  are  no  other  external  forces,  the  body 
will  move  with  pure  translation  parallel  to  the  force 
and  the  axis.  The  conditions  which  the  body  shape  must 
satisfy  are  tantamount  to  certain  symmetry  requirements. 

c)  In  the  case  of  plane  motion  (without  circulation),  i.e. , 
if  the  body  is  an  infinite  cylinder  with  its  generators 
perpendicular  to  its  direction  of  motion,  there  exists 

a unique  point  (for  a fixed  fluid  density  p ) such  that 
a body,  whose  motion  is  due  entirely  to  an  external 
force  which  acts  in  the  direction  of  one  of  the  two  axes 
of  permanent  translation  with  its  line  of  action  passing 
through  the  point,  will  move  without  rotation  parallel 
to  the  force.  This  point  might  be  referred  to  as  the 
"apparent  center  of  mass"  of  the  body  corresponding  to 
the  given  fluid. 

d)  For  a body  of  revolution  there  also  exists  an  apparent 
center  of  mass. 

Inasmuch  as  these  considerations  concern  a problem  in 
classical  hydrodynamics,  one  might  expect  to  find  them  in  the 
standard  literature  on  the  subject,  but,  to  his  surprise,  the 
author  was  unable  to  do  so* 

Our  plan  of  procedure  is  to  set  up  the  expressions  for 
the  kinetic  energy  of  the  body  and  the  fluid  and  then  to  inves- 
tigate the  equations  of  motion  of  the  body  in  terms  of  the  kine- 
tic energies* 
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Kinetic  Energy  of  the  Body.  Using  vector  notation, 
the  motion  of  a body  can  be  described  in  terms  of  the  transla- 
tional velocity  U of  a fixed  point  0 of  the  body  and  rotation 
with  angular  velocity  u about  that  point.  Then  the  kinetic 
energy  of  the  body,  Tg,  is  given  by: 

p 

Tg=jd[U+jjxr]*  [U  + wxrldx  (1) 

B 


n 


or 


tb  = U • U 


J 

B 


odT  + 2U  • 


Vj 


o w x r ax 


(u  x r)  * (w  x r)dx 

(2) 


where  a = density  of  the  body, 

r = displacement  vector  of  a point  with  respect  to  0, 


and  the  volume  integration  extends  over  the  entire  body  3. 

Consider  a system  of  rectangular  Cartesian  axes  fixed 
to  the  body  with  origin  at  0.  Let  the  components  of  trans- 
lational and  angular  velocity  resolved  along  these  axes  be  Uj, 

U2,  U3,  and  uh,  wg,  respectively.  It  is  convenient  to  intro- 
duce tensor  notation  and  to  write  U^,  w^,  for  U,  u,  r 
respectively. 


Then,  writing  (2)  in  terms  of  tensors,  we  have 

p r 

T3  = UjUj.  j Odx  + 2Uicijk;Jj  | dxkdT  + 

B B 

j' 

+ I o(eijk“jViVVn)aT 

(j 

B 


(3) 


where  is  the  alternating  tensor.  We  transform  the  integrand 

of  the  last  integral  as  follows: 
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Lot 


elJkEi.tnxkxn“A  = ( Vkn  - VV’W'A  = 

= <‘jtVk  ‘ Vm^A  1 


tllHVk  - xA)dT  = A 


U 

T> 

SD 


where  I ^ is  the  inertia  tensor  of  the  body.  Then  (3)  can  be 
written  p p 

Tg  = UiUi  ( I od-c)  + UiUjCHjjt  | dxkdT)  + 


Kj 

B 


•j 

B 


(»f) 


+ “jui(  Eijk  j °xkdT)  + wiwJIij* 


constants: 


B 


We  note  that  this  expression  involves  ten  independent 


B 

n 


B 


odx  = M,  the  mass  of  the  body, 


ox.dx  = Mxk,  k = 1,  2,  3 


where  xk  are  the  coordinates  of  the  center  of  mass,  and  finally 
the  six  independent  cc nponents  of  the  symmetric  inertia  tensor 


:ir 


notation. 


At  this  point  it  is  convenient  to  introduce  a new 


Let 


V),  = 


= Ult 

II 

OJ 

> 

v3  ■ U3 

= Ul> 

V5  = “2> 

v6  = “3* 

(5) 
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By  we  shall  mean  any  of  the  six  components  to 
with  a ranging  from  1 to  6.  We  use  Greek  subscripts  to  dif- 
ferentiate the  present  notation  from  tensor  notation  where  the 
subscripts  i,  j , etc.  take  on  values  1,  2 or  3 only. 

Also,  supposing  the  summations  implied  in  expression 
(4-)  to  be  carried  out  and  the  U*  and  to  be  replaced  by  the 
appropriate  Va,  let  Majj  be  the  coefficient  of  the  term  in  VQVp. 
The  36  quantities  Map  then  have  the  following  values: 


M11 

~~ 

M22  “ 

J* 

11 

M 

M12 

= 

M21  = 

M13  = 

M31  = M23  = M32  = 

0 

M14 

— 

!\l  * 

M25 

M52  = M36  =_M63  = 

0 

mi5 

— 

MJi  = 

- H24 

= - \2  = Mx^ 

M16 

«61  “ 

- M34 

= - *^3  = - M*2 

M26 

= 

M62  * 

- M35 

= - m53  = ^ 

** 

= 

hi’ 

M55 

I22*  M66  = I33 

■\5 

X12’ 

% « 

I215  hence 

= 

m54 

X13! 

M64  = 

I31?  hence  ^6 

— 

M64 

M% 

i23’ 

m65  = 

I32  5 hence  M ^ 

= 

h65 

(6) 


We  can  now  write  expression  (4)  for  the  kinetic  energy 
in  the  compact  form 

6. 

= VaVpMap 

a,?=l 


(7) 


Bll-12 


6 


Kinetic  Energy  of  the  Fluid. 

Since  the  motion  of  the  fluid  is  assumed  to  be  entirely 
due  to  that  of  the  solid,  it  is  irrotational.  Its  velocity  poten- 
tial <!>  is  of  the  form 


$ = X 


a=l 


aTa 


(8) 


where  the  <PQ  are  functions  of  the  coordinates  x^,  X2,  depend- 
ing solely  on  the  shape  and  position  of  the  solid  surface  rela- 
tive to  the  coordinate  axes  fixed  in  the  body.  They  represent 
the  velocity  potentials  due  to  the  motion  of  the  body  with  unit 

translational  or  rotational  velocity  with  respect  to  the  appro- 

* 

priate  axes.  The  kinetic  energy  of  the  fluid,  TF,  is  given  by 

h 

dO 


Tp  = P 


tD  XI  dS 

an 


(9) 


where  p is  the  fluid  density,  denotes  differentiation  with 
respect  to  the  outwardly  directed  normal  to  the  surface  S,  and 
the  integration  extends  over  the  surface  S of  the  body. 
Substitution  of  (3)  into  (9)  gives 


n 


Tp  = p 


(^-  Va  ^c  V VP  dS 


s 


p 


' fT  (V-VP  P 

a, p 


69 


L 


A . 


dS). 


Each  integral 


\J 

S 


<P 


8q>B 

a an 


S 

dS 


(10) 


* Lamb,  loc.  cit. 
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is  a constant  determined  exclusively  by  the  shape  and  position 


of  the  body  surface  S relative  to  the  coordinate  axes.  Hence 

0 


setting 


cp  4^  dS  = F R, 
ya  3n 


(11) 


we  can  write  (10)  in  the  form 


TF  = VcvPFaP 

0,P  = 1 


(12) 


2 

Since \/  cpQ  = 0 for  all  a, 

| tp  £?&  dS  = 
j 3n  v 

S 


a® 

*p  aV  ds 


so  that  Fap  = Fpa  and  hence  eouation  (12)  involves  21  indepen- 
dent constants. 

Equations  of  Motion  of  the  Body. 

The  total  kinetic  energy  T of  fluid  and  body  combined 


is 


T = 1'B  + TF  p VaVp(Map  * Fap), 


(13) 


The  equations  of  motion  of  the  body  in  terms  of  T are: 


_d_  3T_ 
dt  3V- 

_d_  3T_ 
dt  3V, 


3T 


3T  _ 


6 av2  5 av3 

V,  ML  + Va 

4 av,  6 aV, 


= x. 


= X- 


A.  ML  - Vt?  ML  + v,  ML  = 

d t 3V-,  5 QV»  4 3v  _ 


dt  av 

J 

sL  ML. 
dt  av^ 

_d_  er_ 
dt  av^ 

d ar_ 

3T  3V/ 


4 


av. 


v,  M_  + v„  ML 
3 av.  2 3v 
* 3 

v,  M_  + v,  ML 

1 av,  3 av. 

;>  i 

v0  + v,  M_ 

2 5Vt  i av0 


v,  ML  + v-  ML.  = x, 
6 av^  5 av6  4 

v>  dT  + v,  Qt  _ y 
4 av7  + v6  WT  " X5 


V ^T  , rr  3T  Y 

V 5 + V4  w:  = x( 


(14) 
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where  X^,  are  the  components  of  the  external  forces  and 

X^,  X^,  X^  are  the  components  of  the  external  moments  with 
respect  to  0 that  are  applied  to  the  body.  (By  external  forces 
and  moments  we  mean  forces  and  moments  other  than  those  due  to 
the  fluid  pressures.  ) 


Rectilinear  Motion. 

We  now  choose  a special  orientation  for  our  coordinate 
axes,  namely  that  of  the  three  mutually  perpendicular  axes  of 
"permanent  translation"  of  the  body.  These  have  the  property 
that  if  the  body  is  set  in  motion  parallel  to  one  of  them,  with- 
out rotation  and  in  the  absence  of  external  forces,  it  will 
continue  to  move  in  this  manner;  i. e. , for  motion  with  constant 
velocity  in  one  of  these  directions  the  fluid  exerts  no  force 
or  moment  on  the  body.  We  shall  now  proceed  to  examine  the 
external  forces  and  moments  necessary  for  accelerated  motion  of 
the  body  in  one  of  these  directions. 

It  can  be  shown  that  if  the  directions  of  permanent 
translation  are  chosen  as  coordinate  directions,  the  constants 


12 


- F-1-,  = F0  ->  - F01  — F 1 ! - F->o  - 0, 


13 


23 


21 


31 


32 


(15) 


In  the  following  we  shall  always  consider  this  choice  to  have 
been  made. 


Motion  with  Velocity  V-^(t). 

Let  us  consider  first  the  case  when  V-^  - V^(t)  and  all 
other  VQ  = 0 for  all  time.  Then  the  equations  of  motion  (14) 
together  with  the  expression  for  the  kinetic  energy  (13)  give: 
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2V1  A11  = X1 


2V1  A12  = X2 
2VX  A13  = X3 

2Vl  Alh  = ^ 

2V 


l 15 


- 2Vf  A 


1 13 


2Vi  + 2'/2  *12 


= X. 

5 

= x. 


(16) 


Hence  from  (6)  and  (15) 


xi  - 2Vi  An> 
\ * 2\  A1V 


X2  = Xj  = 0 

X5  - 2V1  V 


X6  = 2V1  Al6* 


(17) 


Expressions  (17)  represent  the  system  of  forces  Xp 
X2,  X^  whose  line  of  action  passes  through  0,  and  the  system 
of  moments  X^,  X^,  X^  about  0,  which  must  be  applied  to  the  body 
so  that  it  may  move  in  the  prescribed  manner.  Our  object  is  to 
ascertain  if  there  exists  a point  0^^  such  that,  if  the  line 
of  action  of  the  forces  Xp  X2,  X^  passes  through  it  instead  of 
through  0,  the  external  moments  x£^\  X^1^  , X^^  with  respect 
to  0^  will  vanish.  If  such  a point  exists,  then,  under  the 
sole  action  of  the  external  force  X-^  applied  through  (we 

may  now  conveniently  call  this  force  X^  ) , the  body  will  always 
move  without  rotation  and  in  the  direction  of  the  x^  axis. 

To  investigate  this  question  we  refer  all  quantities 
to  a new  coordinate  system  whose  origin  is  at  a point  0^  and 
whose  axes  are  parallel  to  those  of  the  original  system. 

Let  the  velocities  of  the  body  referred  tc  this  new 
point  be  ; and  let  d£>^  , d^l)  be  the  components  of  the 

displacement  of  0^  from  0, 
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Then 


V,.  = 


V,  = 


V = 


v(1) 
v4  5 


V = V(I)- 

5 5 ’ 


V6  = ^ 


va)  + v£1}  d<i}  - Vy  ) 

v21)  + v41)  d31)  - v61)  dl1) 


(18) 


= va)  + V^1)  d^])  - v£l5  d^1) 


If  we  substitute  expressions  (18)  into  the  formula  (13) 
for  the  kinetic  energy  and  collect  coefficients  of  , 


which  we  call  A^  V,  we  obtain 

ap  ’ 


(1) 

14 

- ai4  + 

A12 

,(1) 

d3 

- A13 

4X) 

(1) 

~ A + 

A 

da) 

- A,, 

d(1) 

15 

15 

13 

1 

11 

3 

(1) 

16 

= Al6  + 

A11 

,(1) 

d2 

- a12 

dW 

(19) 


moment. 


The  remaining  coefficients  are  not  of  interest  at  the 


If  we  now  rewrite  the  equations  of  motion  with  respect 
to  the  and  we  obtain  equations  identical  with  (17) 

except  that  all  quantities  will  now  have  superscripts  (1).  Hence 
the  external  moments  about  oa^  can  vanish  only  if 

A(l)  _ AU)  _ A(l)  _ o 

Al4  ~ a15  a16  ‘ 


Using  (19),  (15)  and  (6)  this  means  we  must  have: 
F. 


- FU)  - 0 

14  - *14  " 0 


(1) 


F15  + m15  ‘ (Fll  + Mii>  d3  = 0 


?16  " M16  + <Fu  + Mn>  d20  = °* 


(20) 
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Since  F ^ does  not  vanish  in  general,  equations  (20) 
cannot  generally  be  satisfied  and  hence  there  exists  no  point 
with  respect  to  which  the  moment  of  fluid  pressures  vanishes 
for  accelerated  motion  in  the  direction  of  the  axis.  It  is 
clear  that  analogous  conclusions  will  be  reached  for  motion 


along  the  two  other  axes. 

We  may  note  that  this  result  could  have  been  deduced 
directly  from  the  equations  (17)  referring  to  the  original 
system.  The  components  of  the  external  force  which  can  contrib- 
ute to  the  moment  x£^  are  and  X2;  but  these  vanish.  Hence 

we  must  have  X^  = X^^ , i.e.,  the  moment  is  the  same  for  any 
reference  point  and  is  therefore  due  to  a pure  couple.  Thus  a 


change  in  the  point  of  application  of  the  external  force  can 
have  no  effect  cn  X^. 

Returning  to  equations  (20)  we  see  that  if  F-^  happens 
to  vanish  for  a particular  body,  then  all  the  equations  (20) 


can  be  satisfied  by  choosing 

0C1J  appropriately.  Using  (6)  we 

then  have: 

,U) 

d-s  = 

fx5  * : 

j 

F11  + M 

11  _ (21) 

d(1)  = - 

Fl6  ’ ^2 

q2 

Fil  + M 

Hence  in  this  case  v/e  can  find  a point  0 , or  rather 

an  axis  x|^ , (since  d^^  is  arbitrary),  such  that  under  the 
sole  action  of  a force  X^^  along  this  axis,  the  body  will  always 
move  parallel  to  this  axis  and  without  rotation.  We  might  call 
such  an  axis,  an  "axis  of  rectilinear  translation". 
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The  condition  that  = 0 imposes  a restriction  on 
the  body  shape  and  so  might  be  regarded  as  a symmetry  requirement. 

If  the  original  origin  0 is  taken  at  the  center  of 
mass  of  the  body  then  the  terms  Mx^  and  Mx2  vanish  in  (21)* 


Motion  with  Velocity  V2(t). 


If  we  return  to  our  original  system  of  axes  with  origin 
at  0 and  consider  the  case  when  all  Va  except  V2  vanish  for  all 
time,  we  obtain  the  following  equations  of  motion  analogous  to 


(16). 


2V2  a12  = XX 

2^2  a22  = X2 

2V.  A23  = X3 

2V2  A2lf  + 2v|  A23  = X4 

2V2  A25  * X^ 

2V2  A26  - 2V2  A12  = X6, 


(22) 


and  hence  from  (6)  and  (15) 

Xx  = X3  = C;  X2  = 2V2  A22; 

\ = 2V£  A2l*i  A25;  X6  = 2V2  A26. 


(23) 


As  before,  we  transform  to  a new  system  with  origin  at 

(2) 

0 . The  relations  between  the  velocities  are  identical  with 

(18)  OAuepl  that  ue  now  have  superscripts  (2).  The  pertinent 
/ **  \ 

quantities  become: 
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a(2) 
A24  " 

- 

4r  - 


A24  + A22  <*3^ 
A25  + A23  dl^ 
A26  A21  d2 


(2) 

23  u2 


Ao  ->  d 


A21 

A22  dl2) 


(24) 


Again,  the  equations  of  motion  vi'ch  respect  to  the 
Vq  and  will  be  the  same  as  those  with  respect  to  the 

Va  and  0 (equations  (23)),  except  that  all  quantities  will  have 
superscripts  (2)# 

( o) 

The  external  moments  about  Cr  ' will  vanish  if 


\(2)  _ a(2)  _ a(2)  _ q 

l24  " A25  a26  U» 


which,  by  (2!i),  (15)  and  (6)  becomes: 


F„,  = M-»  + (F__  + M. , ) d 


24  " “24 


22  "13/  3 


(2)  _ 


r\ 


= 0 


F„,  + Mo4  - (F22  + Mn)  d$2)  = 0. 


25 

'26  ^ “26 


(25) 


As  expected,  these  equations  have  no  solution  in  the 
general  case  since  F ^ is  not  generally  zero. 

If  happens  to  be  zero,  the  equations  (25)  are 


satisfied  if: 


and 


, ( 2 ) 


F24  2 
P22  + M 
£26jjfl 

F22  -*■  M 


(26) 


(1) 


f 2) 

Hence  there  exists  an  axis  xA  analogous  to  the  axis 


x,  found  previously.  We  note,  however,  that  the  two  axes  will 
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not,  in  general,  intersect  since  d^  /■  d^  except  under  special 
circumstances. 

Since  an  analogous  result  will  be  obtained  for  motion 
with  velocity  we  can  sum  up  our  results  as  follows: 

(i)  In  general,  rectilinear  translational  ’.notion  under  the 
sole  action  of  one  external  force  is  not  possible, 

(ii)  If  the  body  shape  satisfies  a certain  symmetry  condi- 
tion (e.g.  , = 0 when  referred  to  coordinate  axes  parallel  to 

the  axes  of  permanent  translation) , then  there  exists  an  axis  of 
rectilinear  translation  for  motion  with  velocity  V-^,  Similarly, 
if  F25  = 0 or  F^£  = 0,  there  exist  axes  of  rectilinear  transla- 
tion for  motion  with  velocity  V2  or  V^,  respectively. 

(iii)  In  general  no  two  of  these  axes,  if  more  than  one 
exists,  will  intersect. 

Plane  Motion  Without  Circulation. 

If  the  body  is  an  infinite  cylinder  with  its  generators 
parallel  to  the  x^  axis  which  moves  with  velocity  components  V^, 

V2  i.i  Yq  *-v,~  will  take  place  in  planes 

parallel  to  the  x^,  X2  plane  and  the  two  axes  of  permanent  trans- 
lation will  lie  in  this  plane.  As  before  we  choose  our  coordinate 
system  in  the  direction  of  these  axes.  For  such  plane  motion  all 
coefficients  A ^ in  the  expression  (13)  for  the  kinetic  energy 
having  one  or  both  subscripts  equal  to  3?  *+  or  5)  vanish. 

Considering  motion  with  velocity  only,  we  obtain 
equations  (17)  with  A-^  = A^  = 0 and  hence  = 0.  The 

transformation  to  a new  coordinate  system  with  origin  0^  yields 
one  equation  for  d^  which  will  make  A^  = 0.  It  is  the  same 
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as  the  second  of  equations  (21).  This  determines  one  axis  of 
rectilinear  translation. 

Similar  arguments  hold  for  motion  with  velocity  V2(t) 

/ n \ 

and  they  lead  to  the  second  of  equations  (26)  for  d^  ' which  will 
make  = 0.  This  determines  the  second  axis  of  rectilinear 

motion# 


Since  both  axes  lie  in  the  plane  of  motion,  they  inter- 
sect at  a point  P,  say,  with  coordinates  x£a^  and  x^^*  If  the 
origin  of  our  first  coordinate  system  is  taken  at  the  center  of 

S ) *•(  a) 

mass  of  the  body,  then  x^  and  x^  are  given  by  the  equations 
for  d2^  and  respectively,  with  = x2  - 0 : 


x 


(a) 


(27) 


-(a) 

x2 


Fn  + M 


We  might  call  this  point  the  "apparent  center  of  mass  of  the 
body",  keeping  in  mind,  however,  that  its  position  also  depends 
on  the  density  of  the  fluid  which  appears  in  the  constants  . 

It  is  interesting  to  consider  pure  rotation  about  this 
point  with  velocity  V^(t).  The  equations  of  motion  arc  found 
to  be : 

2A^a^  V,  - 2V  - X(Q) 

l6  b dV6  A2b  A1 


2A^a)  V4  + 2vl  A^a)  = X^a) 


'2b 


X = X4  = X?  = 


2 A, 


(a) 


66 


V4  = x; 

b o 


„(a) 


(28) 
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where  th9  superscript  (a)  means  that  we  are  referring  all  quanti- 
ties to  a coordinate  system  whose  axes  are  the  axes  of  "ecti- 
linear  motion  and  whose  origin  is  therefore  at  x|a^ , x^a^*  Since 

^^a^  — & ^ ^ ^ — n the  onl'r  external  force  or  moment  on  the  b ody  is 
*16  "26  J ~ *w‘  ~ \ 

a moment  about  the  origin.  Thus  the  point  x^a  , ' also  acts 

as  ci n apparent  center  of  mass  in  the  case  of  pure  rotation  about 
this  point. 


It  is  important  to  note  that  the  motions  and  corres- 
ponding forces  and  moments  considered  above  cannot  be  simply 
superimposed.  A translation  of  the  apparent  center  of  mass,  for 
example,  with  velocity  components  and  V£  but  v/ithout  rotation, 
cannot  occur  without  the  action  of  an  external  moment  about  the 
apparent  center  of  mass.  This  is  due  to  the  non-linearity  of 
the  problem.  The  analogy  between  the  apparent  center  of  mass 
for  motion  of  a body  in  a fluid  and  the  center  of  mass  is  re- 
stricted to  three  particular  motions,  the  two  translations  of 
the  body  parallel  to  the  axes  of  permanent  (or  rectilinear) 
translation,  and  rotation  about  the  apparent  center  of  mass. 


Body  of  Revolution. 

The  axis  of  revolution  is  a direction  of  permanent 
translation.  Let  it  be  the  x^  axis,  /or  .notion  in  the  x-j_  direc- 
tion vo  consider  the  equations  (20).  For  a body  of  revolution 
F11+  must  always  be  zero  because  changing  the  sign  of  in  the 
expression  for  the  kinetic  energy  must  leave  ..he  latter  unchanged. 
Similarly  F,^  = F.^  = 0;  also  = Mx^  = 0 and  M-^  = - Mx£  = 0 
since  the  center  of  mass  lies  on  the  axis  of  revolution;  hence 
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d^^  = d^^  = This  gives  the  obvious  result  that  the  axis  of 
rotation  is  an  axis  of  rectilinear  translation. 

From  symmetry  considerations  it  is  clear  that  the 
choice  of  directions  for  the  axes  X2  and  x-^  is  immaterial.  For 
motion  v'th  velocity  V0,  say,  we  must  consider  equations  (25). 
Applying  symmetry  considerations  to  the  expression  for  T,  as  was 


But 


above,  we 

find 

that  F2Lj 

II 

nj 

IV) 

vn 

= 0. 

Hence 

a(2) 

k2b 

= M24 

+ <F22 

+ Mll> 

= 0 

A Cf) 
A26 

= F26 

+ M26 

- ^F22 

+ Mn 

> d<2> 

C.-T 

- tec  = 

= 0. 

Thus 

A2) 

d3 

- 0 , and 

there 

remains 

f 0) 

F26  + 

Mx^ 

dl  " 

F22  + 

M 

(29) 


(30) 


which  defines  an  axis  of  rectilinear 


(1) 

manner  d£  = 


For  motion  with  velocity 

= 0 and  _ 

(3)  = . f3?  - ^ 


F-,  + M 
d3 


translation, 
we  obtain  in  the  same 


(3D 


From  tne  symmetry  of  the  body  it  is  seen  that  F22  = F33 

( 2 ) (3) 

and  F ^ = - F-^.  Hence  d-j  = d-j_  as  was  to  be  expected  from 
our  assertion  that  the  choice  of  the  directions  X£  and  x^  was 
immaterial. 

Thus,  as  in  the  case  of  plane  motion,  there  exists  a 
center  of  apparent  mass,  but  here  there  are  infinitely  many  axes 
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of  rectilinear  motion:  the  axis  of  revolution  and  any  axis  per- 
pendicular to  the  latter  and  passing  through  the  apparent  center 
of  mass* 

Let  us  consider  a motion  of  pure  rotation  about  an  axis 
of  rectilinear  motion.  Clearly,  for  motion  with  V^Ct),  i. e. , 
rotation  about  the  axis  of  revolution,  the  only  force  or  moment  is 


For  motion  with  velocity  V^,  say,  about  the  appropriate  axis  of 
rectilinear  motion  we  have: 


2a16>  ^6  * 2V6  **’  " Xi3> 
2A265  \ + 2V6  a16''  = x2a) 
2A36)  V6  = X3S) 

2A^  *6  - 2V6  = 4*’ 


,(a)  r, 


2A56  V6  + 2V6 
2A66>  *6 


(a)  _ x(a) 


= X 


5 

(a) 

6 * 


(32) 


But  = 0 and  , A^p  vanish  from  symmetry 

considerations.  Hence  all  forces  and  moments  with  the  exception 
of  X^.  vanish.  Thus  the  concept  of  the  apparent  center  of  mass 
for  a body  of  revolution  is  also  valid  for  pure  rotation  abor.c 
an  axis  of  rectilinear  motion. 
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As  in  the  plane  case,  however,  simple  superposition  of 
the  special  motions  and  forces  oiscussed  is  not  permissible. 

It  should  be  notec  that,  even  if  all  assumptions  made 
in  this  analysis  are  sufficiently  justified,  some  of  the 

special  motions  discussed  cannot  be  expected  to  be  observed  in 
nature  because  they  are  unstable  when  subjected  to  small  dis- 
turbances. 
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